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Abstract
In this work, we introduce a new Asymptotic Norming Property (ANP)
which lies between the strongest and weakest of the existing ones, and
obtain isometric characterisations of it. The corresponding w*-ANP turns
out to be equivalent on the one hand, to Property (V ) introduced by
Sullivan, and to a ball separation property on the other. We also study
stability properties of this new ANP and its w*-version.
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1 Introduction
The Asymptotic Norming Property (ANP) was introduced by James and Ho
[JH] to show that the class of separable Banach spaces with Radon-Nikody´m
Property (RNP) is larger than those isomorphic to subspaces of separable du-
als. Three different Asymptotic Norming Properties were introduced and were
shown to be equivalent in separable Banach spaces. Recently, Hu and Lin [HL1]
have obtained isometric characterisations of the ANPs and shown that they are
equivalent in Banach spaces admitting a locally uniformly convex renorming,
a class larger than separable Banach spaces. In dual Banach spaces, they in-
troduced a stronger notion called the w*-ANP, which turned out to be nice
geometric properties.
Here, we introduce a new Asymptotic Norming Property which lies between
the strongest and weakest of the existing ones, and obtain isometric character-
isations of it. The corresponding w*-ANP, the main object of our study, turns
out to be equivalent on the one hand, to Property (V ) introduced by Sullivan
[S], and to a ball separation property a` la Chen and Lin [CL] on the other. We
also study stability properties of this new ANP and its w*-version.
2 The ANPs : Old and New
Definition 2.1 For a Banach space X , let SX = {x : ‖x‖ = 1} and BX =
{x : ‖x‖ ≤ 1}.
A subset Φ of BX∗ is called a norming set for X if ‖x‖ = supx∗∈Φ x
∗(x), for all
x ∈ X . A sequence {xn} in SX is said to be asymptotically normed by Φ if for
any ε > 0, there exists a x∗ ∈ Φ and N ∈ IN such that x∗(xn) > 1 − ε for all
n ≥ N .
For κ = I, II or III, a sequence {xn} in X is said to have the property κ if
I. {xn} is convergent.
II. {xn} has a convergent subsequence.
III.
⋂∞
n=1 co{xk : k ≥ n} 6= ∅, where co(A) is the closed convex hull of
A ⊆ X .
For κ = I, II or III, X is said to have the asymptotic norming property κ with
respect to Φ (Φ-ANP-κ), if every sequence in SX that is asymptotically normed
by Φ has property κ.
Remark 2.1 In [HL1, Theorem 2.3], it is shown that Φ-ANP-III is equivalent
to the apparently stronger property that every sequence in SX asymptotically
normed by Φ has a weakly convergent subsequence.
This motivates the following definition.
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Definition 2.2 Let X be a Banach space and let Φ ⊆ BX∗ be a norming
set for X . X is said to have Φ-ANP-II′ if any sequence {xn} in SX which is
asymptotically normed by Φ is weakly convergent.
Definition 2.3 X is said to have the asymptotic norming property κ (ANP-κ),
κ = I, II, II′ or III, if there exists an equivalent norm ‖ · ‖ on X and a norming
set Φ for (X, ‖ · ‖) such that X has Φ-ANP-κ.
Remark 2.2 Clearly, Φ-ANP-I⇒ Φ-ANP-II′⇒ Φ-ANP-III. Thus all the ANPs
are equivalent in Banach spaces admitting a locally uniformly convex renorming,
in particular, in separable Banach spaces.
Definition 2.4 A Banach space X is said to have the Kadec Property (K) if
the weak and the norm topologies coincide on the unit sphere, i.e., (SX , w) =
(SX , ‖ · ‖).
X is said to have Kadec-Klee Property (KK) if for any sequence {xn} and x in
BX with limn ‖xn‖ = ‖x‖ = 1 and w-limn xn = x, limn ‖xn − x‖ = 0.
The proofs of the following two theorems are evidently similar to those of
Theorems 2.4 and 2.5 of [HL1]. We include the details only when we feel some
elaboration is needed.
Theorem 2.1 Let Φ be a norming set for a Banach space X. The following
are equivalent :
(a) X has Φ-ANP-I
(b) X has Φ-ANP-II′ and X has (K)
(c) X has Φ-ANP-II′ and X has (KK)
Proof : Since Φ-ANP-II implies (K) [HL1, Theorem 2.4, (1) ⇒ (2)], so does
Φ-ANP-I. Thus (a)⇒ (b) follows and (b)⇒ (c) is obvious.
(c)⇒ (a) Since X has Φ-ANP-II′, any sequence {xn} in SX asymptotically
normed by Φ is weakly convergent to some x ∈ X . Then by [HL1, Lemma 2.2],
‖x‖ = 1 and hence by (KK) we have xn → x in norm.
Theorem 2.2 Let Φ be a norming set for a Banach space X. The following
are equivalent :
(a) X has Φ-ANP-II′.
(b) X has Φ-ANP-III and X is strictly convex.
Proof : (a) ⇒ (b) Strict convexity of X follows similarly as in the proof of
[HL1, Theorem 2.5, (1)⇒ (2)].
(b)⇒ (a) Let {xn} be a sequence in SX asymptotically normed by Φ. Since
X has Φ-ANP-III, D =
⋂
co{xk : k ≥ n} 6= ∅. Now X has Φ-ANP-III implies
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{xn} has weak cluster points and all of them must be in D. Since D ⊆ SX
and X is strictly convex, D is a singleton. Moreover, since every subsequence
of {xn} is also asymptotically normed by Φ, that singleton is the weak limit of
{xn}. Hence X has Φ-ANP-II′.
Some renorming results similar to Theorem 2.7 of [HL1] can easily be ob-
tained from our results. But in this work, we concentrate on the ANPs as
isometric properties.
3 w*-ANPs
Definition 3.1 Let X∗ be a dual Banach space. X∗ is said to have w*-ANP-κ
(κ = I, II, II′ or III) if there exists an equivalent norm ‖ · ‖ on X and a norming
set Φ for X∗ in BX such that X
∗ has Φ-ANP-κ.
Remark 3.1 If Φ ⊆ BX is a norming set for X∗, then co(Φ ∪ −Φ) = BX .
Hence, by [HL3, Lemma 3] and similar arguments, Φ-ANP-κ is equivalent to
BX -ANP-κ (κ = I, II, II
′ or III). Thus, we can and do work with Φ = BX .
Definition 3.2 For a Banach space X , let X⊥ = {x⊥ ∈ X∗∗∗ : x⊥(x) = 0
for all x ∈ X}. A Banach space is said to be Hahn-Banach smooth if for all
x∗ ∈ X∗, ‖x∗ + x⊥‖ = ‖x∗‖ = 1 implies x⊥ = 0, i.e., x∗ ∈ X∗∗∗ is the unique
norm preserving extension of x∗|X .
Remark 3.2 It is shown in [HL2, Theorem 1] that X is Hahn-Banach smooth
if and only if X∗ has BX -ANP-III if and only if (SX∗ , w
∗) = (SX∗ , w).
Extending a characterisation of rotundity of X∗ due to L. P. Vlasov [V],
Sullivan [S] introduced the following stronger property :
Definition 3.3 A Banach space X is said to have the Property (V ), if there
do not exist an increasing sequence {Bn} of open balls with radii increasing and
unbounded, and norm one functionals x∗ and y∗k such that for some constant c,
x∗(b) > c for all b ∈ ∪Bn,
y∗k(b) > c for all b ∈ Bn, n ≤ k and
dist(co(y∗
1
, y∗
2
, . . .), x∗) > 0.
Definition 3.4 Let W ⊆ X∗ be a closed bounded convex set.
(a) A point x∗ ∈ W is said to be a weak*-weak point of continuity (w*-w
pc) of W if x∗ is a point of continuity of the identity map from (W,w∗)
to (W,w)
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(b) A point x∗ ∈ W is said to be a w*-strongly extreme point of W if the
family of w*-slices containing x∗ forms a local base for the weak topology
of X∗ at x∗ (relative to W ).
Now we have our main characterisation theorem.
Theorem 3.1 For a Banach space X, the following are equivalent :
(a) X∗ has BX-ANP-II
′.
(b) X∗ is strictly convex and X is Hahn-Banach smooth.
(c) X has Property (V ).
(d) All points of SX∗ are w*-strongly extreme points of BX∗ .
Proof : (a) ⇔ (b) is immediate from Theorem 2.2 and Remark 3.2, while
(b)⇔ (c) is just [S, Theorem 4].
(b)⇒ (d) Since (SX∗ , w∗) = (SX∗ , w), and the norm is lower semi-continuous
with respect to both weak and weak* topology of X∗, any x∗ ∈ SX∗ is a w*-w
pc of BX∗ . Now, since X
∗ is strictly convex, every x∗ ∈ SX∗ is an extreme
point of BX∗ . By a classical result of G. Choquet [C, Proposition 25.13], for
any x∗ ∈ SX∗ , the family of w*-slices containing x∗ forms a local base for the
w*, and therefore the weak, topology of X∗ relative to BX∗ .
(d) ⇒ (b) From (d), it is immediate that X∗ is strictly convex and any
x∗ ∈ SX∗ is a w*-w pc of BX∗ .
Definition 3.5 (a) The duality mapping D for a Banach space X is the set-
valued map from SX to SX∗ defined by
D(x) = {x∗ ∈ SX∗ : x
∗(x) = 1}, x ∈ SX .
(b) A Banach space X is said to be very smooth if every x ∈ SX has a
unique norming element in X∗∗∗.
It is known that X is Fre´chet differentiable (very smooth) if and only if the
duality mapping D is single-valued and is norm-norm (norm-weak) continuous.
Theorem 3.2 If X∗ has BX-ANP-II
′, then X is very smooth.
Proof : That Property (V ) implies very smooth was already observed in [S].
We, however, prefer the following direct and ANP-like argument similar to [HL2,
Theorem 4(1)].
Since X∗ is strictly convex, X is smooth. Now let {xn} ⊆ SX be such
that xn → x. Let {x∗n} = D(xn), we have |x
∗
n(x) − 1| ≤ |x
∗
n(x) − x
∗
n(xn)| ≤
‖x∗n‖‖x − xn‖ ≤ ‖x − xn‖ → 0 as n → ∞. That is, limn→∞ x
∗
n(x) = 1. So
{x∗n} is asymptotically normed by BX , and hence, is weakly convergent to x
∗
(say). Clearly, x∗ ∈ D(x) and since X is smooth, {x∗} = D(x). Hence X is
very smooth.
Analogous to [HL2], we have the following question :
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Question 3.1 Let X be Hahn-Banach smooth and very smooth. Does X∗ have
BX-ANP-II
′?
Example 3.1 In general, for a Banach space X, the properties ANP-I, II, II′
and III are all distinct, i.e., except for the obvious implications Φ-ANP-I ⇒ Φ-
ANP-II ⇒ Φ-ANP-III and Φ-ANP-I ⇒ Φ-ANP-II′ ⇒ Φ-ANP-III, no other
implication is generally true.
Proof : Clearly, it suffices to show that none of Φ-ANP-II or Φ-ANP-II′ implies
the other.
(1) Let X = c0, X
∗ = ℓ1. Since (SX∗ , w) = (SX∗ , ‖ · ‖) on ℓ1, by [HL1,
Theorem 3.1], X∗ has BX -ANP-II. But X
∗ is not strictly convex.
(2) [S] On X = ℓ2, define an equivalent norm as ‖x‖0 = max{1/2(‖x‖2),
‖x‖∞}. And define T : ℓ2 → ℓ2 by T (αk) = αk/k, for (αk) ∈ ℓ2. Then T is an
1-1 continuous linear map. Hence the equivalent dual norm ‖x‖3 = ‖x‖0+‖Tx‖2
is strictly convex [D1]. Also since ℓ2 is reflexive, it has BX -ANP-III with respect
to ‖·‖3. Thus by Theorem 2.2, (ℓ2, ‖·‖3) has BX -ANP-II′. But, it was observed
in [S] that (ℓ2, ‖ · ‖3) lacks (KK).
Example 3.2 The above two examples show that a space may have ANP-III,
but may lack either ANP-II or II′. The following is an example of a Banach
space which has ANP-III but lacks both ANP-II and II′.
Proof : Let X = ℓ2 ⊕1 IR. It is clear that X∗ = ℓ2 ⊕∞ IR is reflexive, and
hence, has BX -ANP-III. However X
∗ is not strictly convex, and hence cannot
have BX -ANP-II
′. Also the weak and the norm topologies do not coincide on
SX∗ . Indeed, since ℓ2 is infinite dimensional, by Riesz’ Lemma, there exists a
sequence {xn} in Sℓ2 such that ‖xn − xm‖2 ≥ 1, n 6= m. Let zn = (xn, 1). So
‖zn‖∞ = 1 and ‖zn−zm‖∞ ≥ 1. Clearly, {zn} cannot have any norm convergent
subsequence. But as ℓ2 is reflexive, {xn} has a subsequence {xnk} converging
weakly to some x ∈ Bℓ2 . Then obviously (xnk , 1) = znk converges weakly to
(x, 1) = z (say) and ‖z‖∞ = 1.
4 A Ball Separation Property
In a recent work, Chen and Lin [CL] have obtained certain ball separation
properties which, in equivalent formulations, characterise BX -ANP-κ (κ = I, II
and III).
Here we obtain a similar characterisation of BX -ANP-II
′. In fact, as in [CL],
we also take a local approach, i.e., we characterise w*-strongly extreme points
of BX∗ . And for that we need the following characterisation for w*-w pc of BX∗
which is immediate from Theorem 3.1 of [CL].
Theorem 4.1 For a Banach space X and f0 ∈ SX∗ , the following are equiva-
lent :
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(i) f0 is a w*-w pc of BX∗ .
(ii) for any x∗∗0 ∈ X
∗∗ and α ∈ IR, if fo(x∗∗0 ) > α, then there exists a ball
B∗∗ in X∗∗ with centre in X such that x∗∗
0
∈ B∗∗ and inf f0(B∗∗) > α.
¿From [CL, Theorem 1.3] and the arguments of [B, Corollary 2], we get
Theorem 4.2 For a Banach space X and f0 ∈ SX∗ , the following are equiva-
lent :
(i) f0 is an extreme point of BX∗ .
(ii) for any compact set A ⊆ X if inf f0(A) > 0, then there exists a ball B
in X such that A ⊆ B and inf f0(B) > 0.
(iii) for any finite set A ⊆ X if inf f0(A) > 0, then there exists a ball B in
X such that A ⊆ B and inf f0(B) > 0.
Theorem 4.3 For a Banach space X and f0 ∈ SX∗ , the following are equiva-
lent :
(a) f0 is a w*-strongly extreme point of BX∗ .
(b) f0 is a w*-w pc and an extreme point of BX∗ .
(c) for any compact set A ⊆ X∗∗, if inf f0(A) > 0, then there exists a ball
B∗∗ ⊆ X∗∗ with centre in X such that A ⊆ B∗∗ and inf f0(B∗∗) > 0.
(d) for any finite set A ⊆ X∗∗, if inf f0(A) > 0, then there exists a ball
B∗∗ ⊆ X∗∗ with centre in X such that A ⊆ B∗∗ and inf f0(B∗∗) > 0.
Proof : (a)⇔ (b) is just the local version of Theorem 3.1 (b)⇔ (d).
(b)⇒ (c) Since f0 is a w*-strongly extreme point ofBX∗ , it is easily seen that
it remains extreme in BX∗∗∗ . Thus by Theorem 4.2, for any compact set A in
X∗∗ with inf f0(A) > 0, there exists a ball in B
∗∗ = B∗∗(x∗∗, r) ⊆ X∗∗ such that
A ⊆ B∗∗ and inf f0(B
∗∗) > 0. Now, inf f0(B
∗∗(x∗∗, r)) > 0 implies f0(x
∗∗
0 ) > r.
Since f0 is a w*-w pc, by Theorem 4.1, there exists a ball B
∗∗(x, t) ⊆ X∗∗ such
that x∗∗0 ∈ B
∗∗(x, t) and inf f0(B
∗∗(x, t) > r. This implies f0(x) > r + t. Thus,
A ⊆ B∗∗(x∗∗
0
, r) ⊆ B∗∗(x, r + t) and inf f0(B∗∗(x, r + t) > 0.
(c)⇒ (d) is trivial.
(d)⇒ (b) Taking A ⊆ X , it follows from Theorem 4.2 that f0 is extreme in
BX∗ . And taking A to be a singleton, it follows from Theorem 4.1 that f0 is an
w*-w pc.
Corollary 4.4 For a Banach space X, the following are equivalent :
(i) X∗ has BX-ANP-II
′.
(ii) for any w*-closed hyperplane H in X∗∗, and any compact convex set
A in X∗∗ with A∩H = ∅, there exists a ball B∗∗ in X∗∗ with centre in X
such that A ⊆ B∗∗ and B∗∗ ∩H = ∅.
(iii) for any w*-closed hyperplane H in X∗∗, and any finite dimensional
convex set A in X∗∗ with A ∩H = ∅, there exists a ball B∗∗ in X∗∗ with
centre in X such that A ⊆ B∗∗ and B∗∗ ∩H = ∅.
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5 Stability Results
Theorem 5.1 Let X be a Banach space with Φ-ANP-κ, κ = I, II, II′ or III.
Then any closed subspace Y of X has Φ|Y -ANP-κ, where Φ|Y = {y∗ : y∗ =
x∗|Y , x∗ ∈ Φ}.
Theorem 5.2 Let X be a Banach space such that X∗ has BX-ANP-κ, κ = I,
II, II′ or III. Then for any closed subspace Y of X, Y ∗ has BY -ANP-κ.
Proof : Let {y∗n} ⊆ SY ∗ be asymptotically normed by BY . For every n ≥ 1,
let x∗n be a norm preserving extension of y
∗
n to X . Then {x
∗
n} is asymptotically
normed by BX , and hence has property κ. Now the restriction map x
∗ → x∗|Y
brings property κ back to {y∗n}.
Corollary 5.3 Hahn-Banach smoothness and Property (V ) are hereditary.
Remark 5.1 This observation appears to be new. Note that we do not need
the stability of the ANPs under quotients to prove the above theorem. In fact,
it is not clear whether the ANPs are indeed stable under quotients.
Let X be a Banach space, 1 < p, q < ∞ with 1/p + 1/q = 1 and (Ω,Σ, µ)
be a positive measure space so that Σ contains an element with finite positive
measure. Let Φ be a norming set for X . Then define Φ1 = co(Φ∪{0})\SX and
∆n = {
m∑
i=1
λix
∗
iχEi : x
∗
i ∈ Φ1,
(n− 1)
n
≤ ‖x∗i ‖ ≤
n
(n+ 1)
, Ei ∈ Σ,
Ei ∩Ej = ∅, for i 6= j, λi > 0 with
m∑
i=1
λqiµ(Ei) = 1}
Then ∆(Φ, µ, q) =
⋃
n≥1∆n is a norming set for L
p(µ,X) [HL3].
Theorem 5.4 Let X be a Banach space, Φ ⊆ BX∗ be a norming set for X. X
has Φ-ANP-II′ if and only if Lp(µ,X) has ∆(Φ, µ, q)-ANP-II′.
Proof : It is well-known that X is strictly convex if and only if Lp(µ,X) is
strictly convex [D2]. And in [HL3, Theorem 6], it is shown that X has Φ-ANP-
III if and only if Lp(µ,X) has ∆(Φ, µ, q)-ANP-III. Now, the result follows from
Theorem 2.2.
Remark 5.2 Let X be a Banach space. If (X, ‖ · ‖) has ANP-II, the space
(Lp(µ,X), ‖ · ‖) may not have ANP-II. For an example, see [HL3]. Thus we
have nicer stability results for ANP-II′ which was lacking in ANP-II.
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Theorem 5.5 Let X be a Banach space. X has Property (V ) if and only if
Lp(µ,X) has (V ) (1 < p <∞).
Proof : By Corollary 5.3, X inherits Property (V ) from Lp(µ,X).
Conversely, if X has Property (V ), by [S, Theorem 4], X is Hahn-Banach
smooth. Hence X is an Asplund space. Thus, Lp(µ,X)∗ = Lq(µ,X∗), where
1/p+1/q = 1. From [HL3, Theorem 6], Lp(µ,X) is Hahn-Banach smooth. Also,
X∗ strictly convex implies Lq(µ,X∗) is strictly convex. The result now follows
from Theorem 2.2.
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